Abstract. We give a formula for the Dixmier-Douady class of a continuoustrace groupoid crossed product that arises from an action of a locally trivial, proper, principal groupoid on a bundle of elementary C * -algebras that satisfies Fell's condition.
Introduction
Throughout this note G will denote a second countable, locally compact, principal groupoid with Haar system, A will denote an elementary C * -bundle over G (0) that satisfies Fell's condition, and α will denote a continuous action of G on A via isomorphisms. Thus the pair (A, α) is exactly what is needed to define an element in the Brauer group Br(G) as defined in [4, Definition 2.14]. As a special case of [3, Theorem 1] , it follows that the groupoid crossed product C * (G; A) has continuous-trace if and only if G is a proper principal groupoid. Thus if C * (G; A) has continuous trace we can, and do, assume that that G = Ω * p Ω = { (ω, ω ′ ) ∈ Ω × Ω : p(ω) = p(ω ′ ) } for a continuous open surjection p : Ω → Y . In this note, we want to consider its Dixmier-Douady class δ C * (G; A) , and we compute δ C * (G; A) when p is locally trivial. In this case we say that G is a locally trivial, proper principal groupoid. Our approach is motivated in part by [6, §1] where Raeburn and Rosenberg consider the case where G is the transformation group groupoid G = H × Ω with Ω a locally trivial principal H-bundle, and α is pulled back from a locally unitary action γ of H on a stable continuous-trace C * -algebra B. Just as in [6, Theorem 1.1], we show that we can assume that A is the pull-back p * B by the orbit map p : G → G (0) /G of some locally trivial K-bundle 1 over G (0) /G. In the event α satisfies an additional hypothesis -similar to being pulled back from a locally unitary action as in [6] -we show that δ C * (G; A) is a naturally defined perturbation of δ(B) in complete analogy with [6, Theorem 1.5].
Locally Trivial Proper Principal Groupoids
Suppose that Ω and Y are second countable locally compact Hausdorff spaces, and that p : Ω → Y is a continuous, open surjection. Let G be the proper principal groupoid Ω * p Ω and identify G (0) with Ω and G (0) /G with Y . We'll say that G is locally trivial if p : Ω → Y is a locally trivial fibre bundle with fibre X. That is, we assume there is a cover U = { U i } of Y and continuous maps h i :
commutes for each i. In particular, we assume that there are continuous functions
hj y y r r r r r r r r r r
commutes. This, in turn, implies that for each u ∈ U ij there must be a continuous map ϕ ij (u) : X → X such that (2) h
Further, since ϕ ij (u) −1 = ϕ ji (u), we see that each ϕ ij (u) is a homeomorphism of X. Consequently, ϕ ij may be viewed as a function from U ij to Homeo(X). A straightforward computation shows that
Remark 1. Homeo(X) can be made into a topological group in such a way that h n → h in Homeo(X) if and only if given a net x n → x in X (with the same index set), then h n (x n ) → h(x) and h
Then it not hard to see that ϕ ij is continuous and that the transition functions { ϕ ij } determine p in the usual way.
Example 2. Of course, the basic example of a locally trivial proper principal groupoid is the transformation groupoid associated to a principal (left) H-space Ω for a locally compact group H. In this case, the fibre space X is just H, and we also want the local trivializations h i to be H-equivariant. In particular, there are continuous functions s ij : U ij → H such that ϕ ij (u)(t) = ts ij (u) for all t ∈ H. Furthermore, equation (3) 
It is a matter of taste as to whether ϕ ij or ϕ ji appears in (2). Our taste might seem off in view of (3), but we have purposely endured bitter herbs in order enjoy (4) even if H is not abelian. In either case, it is important fact of life that any formula for the Dixmier-Douady class that depends on standard topological data, such as transition functions like the ϕ ij , depends up to a sign on the choices such as that made in (2). This will be important in comparing our result to other calculations in the literature (cf. Example 14).
Now we want to see how the locally triviality of p is reflected in the groupoid structure of G. We can define a topological groupoid isomorphism k i :
Here X × U i × X is the groupoid that has unit space identified with X × U i , orbit space identified with U i and multiplication given by (x, u, y)(
, then we have commutative diagrams
t t t t t t t t t t U i
and
In particular, we claim that
which equals the right-hand side of (6) in view of (1) and (2).
We include the following lemma to motivate some of the constructions in the next section. At this point, it will be convenient to introduce the notationω for p(ω). This will make some of the more complicated formulas below, and elsewhere, a bit easier to digest. 2 Recall that H × Ω is the groupoid with unit space { e } × Ω identified with Ω and with range and source maps s(t, ω) = t −1 · ω and r(t, ω) = ω. Then we have (t, ω)(s, t −1 · ω) = (ts, ω) and
Lemma 4. Suppose that p : Ω → Y is a locally trivial fibre bundle with fibre X and that G = Ω * p Ω. If H is a topological groupoid and if α : G → H is a continuous groupoid homomorphism, then there is open cover { U i } of Y and continuous maps
Remark 5. It is implicit in the statement of the Lemma that r ψ i (ω) = r α(ω, ω ′ ) , while s ψ i (ω) and, more generally,
as required.
The Dixmier-Douady Class
First, it will be helpful to recast [3, Theorem 1] in terms of Brauer groups as defined in [4] . 3 To start off, we only need G to be a proper and not necessarily locally trivial. On the other hand, [4, Theorem 4.1] implies that the inverse is given by
where
. However, G (0) op is easily seen to be isomorphic (as an equivalence) to the graph of p Gr(p), where Gr(p) := { (ω,ω) :
Noting that p * id = τ ⊗ 1 completes the proof.
As a corollary, we get the following version of [6, Theorem 1.1].
Corollary 7. Suppose that [A, α] ∈ Br(G). Then there is a locally trivial
In particular, the Dixmier-Douady class δ(A) must lie in the image
acts as the identity in Br(G), we can replace
. Thus we may as well assume that . Thus, refining U if necessary, we can assume that there are continuous functions µ ij from U ij into the unitary group U H of K with the strong topology such that
If B is of the form (8), then A := p * B is of the form
where we identify (j, ω, T ) with i, ω, σ ij (ω)(T ) . Thus if (p * B, α) ∈ Br(G), there must be continuous groupoid homomorphisms
Assume that G is locally trivial with k i , h i , ξ i and ϕ ij defined as in §1. Then we fix some z i ∈ X and define
Then, as in Lemma 4,
Now we observe that
In particular, (13) depends only on the classω of ω in Y .
Theorem 8.
Suppose that G is a second countable, locally compact, locally trivial, proper principal groupoid, that B is a locally trivial K-bundle over Y and (p * B, α) ∈ Br(G), U, ψ i and σ ij are as defined above. Then
defines a class β in H 1 (Y, P) which depends only on [p * B, α] ∈ Br(G). Furthermore, the Dixmier-Douady class of the corresponding groupoid crossed product
Proof. It follows from Theorem 6 that δ C * (G; p * B) depends only on [p * B, α]. It is clear from (14) and (15) that { β ij } defines a cocycle in Z 1 (U, P) and therefore a class β in H 1 (Y, P). It will suffice to see that the image of ∆(β) is δ C * (G; p * B) . Since the proof of [3, Theorem 1] implies that C * (G, p * B) is Morita equivalent to C 0 (Y, p * B/G) where p * B/G is the orbit space on p * B with respect to the right action of G given by [ 
is a rank-one projection field in (p * B/G)| p −1 (Ui) . Fell's vector-valued Tietze extension theorem [2, Theorem II.14.8] implies that the restriction to V i extends to a global section q i ∈ C 0 (Y, p * B/G) such that
We may as well assume that there are continuous functions θ ij :
Of course, V is a refinement of U with the same index set and ∆(β) is given by the 2-cocycle { ǫ ijk } on V defined by
As above, there is a v ij ∈ C 0 (Y, p * B/G) such that
Forω ∈ V ij we certainly have
Thus we have just the set-up for [8, Lemma 5.28 ]. So to find the Dixmier-Douady class, we compute that
Thus [8, Lemma 5.28 ] implies that ∆(β) = [{ ǫ ijk }] gives the Dixmier-Douady class of C * (G; p * B) as claimed.
Definition 9. Let G = Ω * p Ω be a locally trivial proper principal groupoid, and let B be a locally trivial K-bundle with structure group Aut K. Then an action of α of G on p * B is called a locally unitary pull-back if there is a cover U of Y and continuous functions
Remark 10. Note that if α is as in Definition 9, then there are actually groupoid homomorphisms
there are continuous groupoid homomorphisms
Remark 11. We want to think of { λ ij } as a generalized Phillips-Raeburn obstruction for α. It is possible to view (18) as defining a class in a certain sheaf cohomology group, which we would naturally denote H 1 (Y, G), but we will not pursue that here.
Example 12. Suppose that B is a locally trivial K-bundle with transition functions { σ ij } as above and that γ : H → Aut C 0 (Y, B) is a locally unitary automorphism group. If p : Ω → Y is a principal H-bundle, then let G = Ω * p Ω and α the action of G on p * B obtained by the pull-back:
Since γ is locally unitary, we can assume U has been taken so that there are strongly continuous homomorphisms v i :
Then the continuous functions Theorem 13. Suppose that G is a second countable, locally compact, locally trivial, proper principal groupoid, and that (p * B, α) ∈ Br(G) is a locally unitary pull-back, with B a locally trivial K-bundle as above. Then, with λ ij as defined in (18), the equation τ ijk (ω) = λ ij k −1 j z j ,ω, ϕ kj (ω)(z k )
defines an element α , p in H 3 (Y ; Z) which depends only on [p * B, α] ∈ Br(G) and δ(B). Furthermore, the Dixmier-Douady class of the crossed-product is given by the formula (19) δ C * (G, p * B) = δ(B) + α , p .
Proof. Since the class of the crossed product only depends on [p * B, α], it will suffice to establish (19). We adopt the notation used in the proof of Theorem 8. We may assume that δ(B) is given by a cocycle { ν ijk } which is determined by functions µ ij : U ij → U H such that
